The quantum state of a superconducting transmon qubit inside a three-dimensional cavity is monitored by transmission of a microwave field through the cavity. The information inferred from the measurement record is incorporated in a density matrix ρt, which is conditioned on probe results until t, and in an auxiliary matrix Et, which is conditioned on probe results obtained after t. Here, we obtain these matrices from experimental data and we illustrate their application to predict and retrodict the outcome of weak and strong qubit measurements.
The quantum state of a superconducting transmon qubit inside a three-dimensional cavity is monitored by transmission of a microwave field through the cavity. The information inferred from the measurement record is incorporated in a density matrix ρt, which is conditioned on probe results until t, and in an auxiliary matrix Et, which is conditioned on probe results obtained after t. Here, we obtain these matrices from experimental data and we illustrate their application to predict and retrodict the outcome of weak and strong qubit measurements.
In quantum mechanics, predictions about the outcome of experiments are given by Born's rule which for a state vector |ψ i provides the probability P (a) = | a|ψ i | 2 that a measurement of an observableÂ with eigenstates |a yields one of the eigenvalues a. As a consequence of the measurement, the quantum state is projected into the state |a . Yet, after this measurement, further probing of the system is possible, and the probability that the quantum system yields outcome a and is subsequently detected in a final state |ψ f factors into the product | ψ f |a | 2 | a|ψ i | 2 . Considering initial and final states raises the issue of post-selection in quantum measurements: What is the probability that the result of the measurement ofÂ was a, if we consider only the selected measurement events where the initial state was |ψ i and the final state was |ψ f ? The answer is known as the Aharonov-Bergmann-Lebowitz rule [1] , P ABL (a) = P (f, a|i) a P (f, a |i)
and it differs from Born's rule, which takes into account only knowledge about the state prior to the measurement. While it is natural that full measurement records reveal more information about the state of a physical system at a given time t than data obtained only until that time, the interpretation of the time symmetric influences from the future and from the past measurement events on P ABL has stimulated some debate, see for example [1] [2] [3] [4] [5] [6] . Meanwhile, probabilistic state assignments and correlations observed in atomic, optical and solid state experiments have been conveniently understood in relation to post-selection [7] [8] [9] [10] [11] , and precision probing theories [12] [13] [14] [15] [16] [17] have incorporated full measurement records.
In this letter, we consider a superconducting qubit that is subject to continuous monitoring and driven unitary evolution. We make use of the full measurement record and examine how measurements before time t can be used to make predictions, while measurements after time t can be used to make retrodictions about measurements at time t. We then consider a recent generalization [2] of Eq.(1) to the case of continuously monitored and evolving mixed states. Our experiments verify the predictions of both projective and weak (weak value) measurements conditioned on full measurement records. These predictions are more confident and nontrivially different from predictions based only on the measurement record up to time t.
To analyze non-pure states and partial measurements, we represent our system by a density matrix ρ, and measurements by the theory of positive operator-valued measures (POVM) which yields the probability P (m) = Tr(Ω m ρΩ † m ) for outcome m, and the associated back action on the quantum state,
When Ω a = |a a| is a projection operator and ρ = |ψ ψ|, the theory of POVMs is in agreement with Born's rule.
For systems subject to unitary and dissipative time evolution along with continuous monitoring before and after a measurement described by operator Ω m , one can show [2] that,
where ρ t is the system density matrix at time t, conditioned on previous measurement outcomes, and propagated forward in time until time t, while E t is a matrix which is propagated backwards in time in a similar manner and accounts for the time evolution and measurements obtained after time t. The subscript · p denotes "past", and in [2] it was proposed that, if t is in the past, the pair of matrices (ρ t , E t ), rather than only ρ t , is the appropriate object to associate with the state of a quantum system at time t. We observe that for the case of pure states and projective measurements, P p (m) in (2) acquires the form of Eq.(1) with ρ t = |ψ i ψ i | and
Here, we make use of the full measurement record to compute the matrices ρ t and E t , and analyze how they, through application of Eq.(2) yield more confident predictions for measurements on the system. For imperfect measurement efficiency, non-pure states, and measurements that do not commute with the system evolution, the predictions of Eq.(2) vary dramatically from those based on ρ alone [3, 20] .
Our experiment, illustrated in figure 1a , is composed of a superconducting transmon circuit dispersively coupled to a wave-guide cavity [22, 23] . The two lowest energy levels of the transmon form a qubit with transition frequency ω q /2π = 4.0033 GHz. The dispersive coupling between the transmon qubit and the cavity is given by an interaction Hamiltonian, H int. = − χa † aσ z , where is the reduced Plank's constant, a † (a) is the creation (annihilation) operator for the cavity mode at frequency ω c /2π = 6.9914 GHz, χ/2π = −0.425 MHz is the dispersive coupling rate, and σ z is the qubit Pauli operator that acts on the qubit in the energy basis. A microwave tone that probes the cavity with an average intracavity photon numbern = a † a thus acquires a qubit-state-dependent phase shift. Since 2|χ| κ, where κ/2π = 9.88 MHz is the cavity linewidth, qubit state information is encoded in one quadrature of the microwave signal. We amplify this quadrature of the signal with a near-quantum-limited Josephson parametric amplifier [24] . After further amplification, the measurement signal is demodulated and digitized. This setup allows variable strength measurements of the qubit state characterized by a measurement timescale τ ; by binning the measurement signal in time steps δt τ we execute weak measurements of the qubit state [20, 25] while by integrating the measurement signal for a time T τ we effectively accumulate weak measurements in a projective measurement [26] of the qubit in the σ z basis.
Our experimental sequences begin with a projective measurement of the qubit in the σ z basis followed by a variable rotation of the qubit state to prepare the qubit in an arbitrarily specified initial (nearly) pure state. Following this preparation, the qubit is subject to continuous rotations given by H R = Ω R σ y /2, where Ω R /2π = 0.7 MHz is the Rabi frequency, and continuous probing given by the measurement operator √ kσ z , where k = 4χ 2n /κ = 1/4ητ parametrizes the measurement strength (k/2π = 95 kHz) and η = 0.35 is the quantum measurement efficiency [27] . During probing, we digitize the measurement signal V t in time steps δt = 20 ns.
The density matrix associated with a given measurement signal V t is obtained by solving the stochastic master equation [1] :
Here, the first two terms are the standard master equation in Lindblad form, and the last stochastic term updates the state based on the measurement result and leads to quantum trajectory solutions that are different for every repetition of the experiment. Let us first recall how the density matrix makes predictions about the outcome of measurements. In figure 1b , we consider the probabilities P (±z) for the outcome of the projective measurement operators Ω ±z = (σ z ± 1)/2. We prepare the initial state, Tr(ρ i σ x ) +1, by heralding the ground state and applying a π/2 rotation about the y axis. We then propagate ρ t forward from this initial state, and at each point in time we display the calculated P (+z) = Tr(Ω +z ρ t Ω † +z ) [27] . By performing projective measurements of Ω ±z at time t on an ensemble of experiments that have similar values of ρ t (within ±0.02) we obtain the corresponding experimental resultP (+z). We perform this analysis at different times and we observe close agreement between the single quantum trajectory prediction P (+z) and the observedP (+z). Note that the same procedure was used to tomographically reconstruct and verify the quantum trajectory associated with the mean value σ z = 2P (+z) − 1 in [3, 20] .
We now turn to the application of measurement data to retrodict the outcome of an already performed measurement. Eq.(2) applies for any set of POVM measurement operators Ω m at time t, and accumulates the information retrieved from the later probing in the matrix E t that is propagated backwards in time according to [2] ,
We assume that no measurements take place beyond the time T , leading to the final condition E T =Î [2] (Note that Tr(E) = 2). If no measurements take place at We prepare two different initial states (Tr(ρiσx) +1, red, Tr(ρiσy) +1, blue), and compare the retrodictions, Pp(+z), based on 5 µs of probing, to the outcomes of measurements M that yielded similar values of E0. In the lower panel, we display histograms of Pp(+z) for different propagation times. As more of the record is included, the retrodictions become more confident, taking values that are more often near 0 or 1.
all before T , for example because η = 0, Eq.(4) yields a solution for E(t) that remains proportional to the identity operator for all times, and Eq.(2) leads to the conventional expression that depends only on ρ t .
In figure 2 we test the retrodictions made by E and Eq.(2). We examine different initial states, Tr(ρ i σ x ) +1, Tr(ρ i σ y ) +1, which are prepared by heralding the ground state and applying π/2 rotations about the y and −x axes respectively. We propagate E backwards from E T to E 0 to make a retrodiction about a projective measurement M . Note that the initial states ρ i make ambiguous predictions about the outcome of M , P (+z) = 1/2, yet information is available after M and by propagating E for longer times, the retrodiction for the outcome of M becomes more confident.
We verify that the retrodictions are correct by averaging the outcomes of many measurements M that corresponded to similar values of E 0 to obtain an experimentally derived probability,P (+z). Figure 2a displays two sample trajectories for the retrodiction P p (+z) along withP (+z). As more information is included, the retrodictions converge to fixed values. Figure 2b displays the results of 3 × 10 5 experimental tests for the two different initial states ρ i . For both initial states and for a wide range of measurement outcomes we are able to tomographically verify the retrodictions. We also display histograms of the different values P p (+z) for different propagation times of E. These show that as information is included in the propagation of E the retrodictions become more confident.
Having verified the predictions based on ρ, and the retrodictions based on E, we now aim to illustrate the application of ρ and E to create a smoothed prediction (which uses both past and future information) for the outcome of a POVM measurement. The POVM measurement that we consider is simply a short segment of the measurement signal received between t and t + ∆t and is given by the measurement operators [1, 28] ,
where, 1/4a 2 = kη∆t. The operators Ω V satisfý Ω †
V Ω V dV =Î as expected for POVMs, and if we assume that ρ t can be treated as a constant during ∆t, the probability of the measurement yielding a value V is
, which is the sum of two Gaussian distributions with variance a 2 centered at +1 and −1 and weighted by the populations ρ 00 and ρ 11 of the two qubit states. The σ z term in Ω V causes the back action on the qubit degree of freedom, ρ → Ω V ρΩ † V , due to the readout of the measurement result V . If the effects of damping and the Rabi drive can be ignored during ∆t, the operators (5) also describe a stronger measurement, yielding ultimately the limit where the two Gaussian distributions are disjoint, and the readout causes projective back action of the qubit on one of its σ z eigenstates, with probabilities ρ 00 and ρ 11 .
Since the system is also subject to probing and evolution after t, we now examine what smoothed predictions can be made for the outcome of the measurement Ω V based on both earlier and later probing. We must hence evaluate the conditioned density matrix ρ t and the matrix E t and Eq.(2) yields the outcome probability distribution expressed in terms of their matrix elements,
We observe that the information obtained after the measurement of interest plays a formally equally important role as the conditional quantum state represented by ρ. The predicted mean value is V p =´P p (V )V dV , and can be evaluated, V p = (ρ 00 E 00 − ρ 11 E 11 ) (ρ 00 E 00 + ρ 11 E 11 + exp(− 1 8a 2 )(ρ 10 E 01 + ρ 01 E 10 )
.
(6)
Here we note that if the measurement is strong, a is small, and the coherence contribution is cancelled in the denominator, yet if the measurement is weak, a single measurement is dominated by noise and reveals only little information (and causes infinitesimal back action). This is The experiment sequence initializes the qubit along +x and probes the cavity while the qubit transition is driven with a constant Rabi frequency. Each experiment yields a value V resulting from the ΩV measurement and predicted mean values V (which is based on ρ), and V p (which is based on ρ and E). We plot V versus V (b), and V p (c) and find that the conditional average of V (open circles) is in agreement with the expected mean value given by the dashed line. Note that V p makes predictions for the mean value that fall outside of the spectral range of the qubit observable (in the pink region).
the situation that leads to so-called weak values. If the measurement signal is proportional to an observableÂ, and the system is initialized in |ψ i and post-selected in state |ψ f , the mean signal is given by [29] ,
which may differ dramatically from the usual expectation value ψ i |Â|ψ i . Our Eq.(2) has, indeed, been derived by Wiseman [30] to clarify how weak values are related to continuous quantum trajectories and correlations in field measurements.
In figure 3 , we display results of our experiments that test the predictions of Eq.(6). For many iterations of the experiment we choose a measurement time interval, ∆t = 180 ns that is short enough that the effect of the continuous Rabi drive is nearly negligible in the time interval (t, t + ∆t). Based on 800 ns of probing before t, we calculate P (V ), and based on 800 ns of probing before and after the measurement interval, we calculate P p (V ) for the result of the measurement. In Fig. 3 , we show that both the conventional and the past quantum state formalism yield agreement between the predicted mean value and the measured values. The measured results are noisy, and we plot the data with the predicted average value along the horizontal axes, and the measured values along the vertical axes.
While V = σ z , and thus never exceeds 1, a fraction of the experiments lead to prediction and observation of values | V p | > 1. Such anomalous weak walues in connection with Eq. (7) have been typically identified with the intentional post selection of final states with a very small overlap with the initial state. Surprisingly, continuous probing leads to similar effects [3] . In figure 4 we examine the states that lead to different weak value predictions. We represent pairs of ρ and E as connected points on the Bloch sphere. Indeed, predictions outside the spectral range of the operator are accompanied by near orthogonality of states associated with the matrices ρ t and E t+∆t . In agreement with the pure state case, large weak values of σ z do not occur when ρ t or E t+∆t are close to the σ z eigenstates, but rather when they are close to opposite σ x eigenstates.
In conclusion, we have demonstrated the use of the quantum trajectory formalism to infer the quantum state of a superconducting qubit conditioned on the outcome of continuous measurement. We have also demonstrated a quantum hindsight effect, where probing of a quantum system modifies and improves the predictions about measurements already performed in the past. These advances may be used to improve the state preparation and readout fidelity for quantum systems and increase their potential for use as probes [12] [13] [14] [15] [16] [17] of time-dependent interactions and parameter estimation. *murch@physics.wustl.edu
We calibrate the measurement strength by recording measurement signals for the qubit prepared in the |0 and |1 states. Measurement results are Gaussian distributed and we scale the signal such that the distributions are centered at +1 and −1 for the |0 and |1 states respectively. The variance, a 2 = 1/4kη∆t is related to the measurement strength k, the measurement quantum efficiency η, and the integration time ∆t.
The measurement quantum efficiency is limited by losses in the microwave components and added noise from the amplifiers. The total quantum efficiency, η tot = η col η amp η env also includes environmental decoherence of the qubit. Environmental inefficiency is small for the parameters of our experiment η env = (1 + κ/8χ 2n T * 2 ) −1 = 0.95, yet we include it in our calculation of ρ and E which is described below.
The measurement quantum efficiency η = η col η amp was measured by fitting the distributions P (V t ||0 ) and P (V t ||1 ) to determine a 2 = κ/(16χ 2n η∆t), usingn = 1.3 and ∆t = 700 ns. The dispersive coupling rate χ/2π = −0.43 MHz was determined by using a Ramsey measurement to measure both the ac Stark shift (2χn) and the measurement induced dephasing rate (Γ m = 8χ 2n /κ) for intracavity photon numbers ranging betweenn = 0 andn = 1.3. 
II. CALCULATION OF THE DENSITY AND EFFECT MATRICES
The density matrix is calculated by propagating the stochastic master equation for our quantum system [1] ,
This is the same as equation (4) in the main text with the exception that we include qubit dephasing which is characterized by the rate γ = 1/T * 2 . We propagate ρ forward from the initial state
, where x i = 0.864, z i = −0.058 are determined from quantum state tomography at t = 0. These values differ from the ideal initial state ρ i = σ x /2 +Î/2 due to a time delay between the herald measurement and the start of data collection. The Rabi frequency is Ω/2π = 0.7 MHz and we use time steps of δt = 20 ns.
The effect matrix E(t) obeys a corresponding equation [2] ,
Here we propagate E backward in time from the final state E T =Î, and since Tr(E) = 2, the last terms in (9) and (10) are different by a factor of two. Since expressions involving E are normalized, this factor is not essential, but we incorporate it to maintain a consistent value of the trace.
Our previous work [3] used a Bayesian argument to calculate the quantum trajectory for the density matrix ρ. In this work, we have focused on application of the stochastic master equation to connect with previous theoretical work. We find that the two techniques are equivalent when the continuous measurement is very weak, and the two techniques give very similar results for the parameters used in this experiment. Figure 5 displays a comparison of the two methods for a single trajectory. Figure 6 displays a detailed experimental schematic for the experiment. The qubit was fabricated from double-angle-evaporated aluminum on silicon and is characterized by charging energy E C /h = 250 MHz and Josephson energy E J /h = 9 GHz. We obtain E C from the anharmonicity of the qubit levels and calculate E J from the relation ω q = √ 8E J E C − E C . The qubit frequency is ω q /2π = 4.0033 GHz, yet all experiments were performed with a constant intracavity photon numbern = 1.3 which resulted in an ac Stark shift of 1.05 MHz. All qubit rotations were performed at the ac Stark shifted frequency, 4.00225 GHz. We measured the qubit coherence properties, T 1 = 30 µs, T * 2 = 16 µs using standard techniques. 
III. EXPERIMENTAL SETUP

IV. CONDITIONAL AVERAGING
The experimental verification of the predictions made by ρ and E in figures 1, 2, and 3 in the main text uses the concept of conditional averaging. In this section, we describe the procedures used in these figures in greater detail than space allows in the main text.
In figure 1 , we present a trajectory for prediction of the outcome of a projective measurement of the qubit in the σ z basis, based on a single experimental sequence with a duration of 2 µs between the preparation and the final measurement M . This trajectory is obtained by propagating the stochastic master equation to obtain ρ(t). We denote this as ρ target (t), the target trajectory. We confirm that the trajectory for P (+z) is correct in the following manner. For each time point t of the trajectory we conduct 3000 experiments with duration t between the preparation and final measurement M . Of these 3000 experiments, we examine the subset of experiments that had values ρ t that were within ±0.02 of ρ target (t). Using this subset, we determineP (+z) based on the corresponding subset of measurements figure 2 in the main text, with the exception that there is no rotation applied to the state after the herald, we prepare different initial states Tr(ρiσz) ±1. To accomplish this, we use the herald measurement to select either the ground or excited state as the initial state, however the finite measurement fidelity (96% for −z and 97% for +z results in imperfect state preparation. These fidelities are incorporated into ρi, and thus the retrodiction for measurement M . The majority of the retrodictions give values Pp(+z) near 0 or 1, yet some retrodictions give values between 0 and 1 and these retrodictions are confirmed by examining the outcomes of measurements M that yielded similar values of E0.
M .
In figure 2 , we display a trajectory for the retrodiction P p (+z) for the measurement M . For all of the initial states that we examine, P p (+z) = E 00 /2. The trajectory is formed by propagating E for different periods of time (i.e. starting later and later) and we denote this trajectory as E target (t). We confirm that the trajectory P p (+z) is correct in the following way. For 3 × 10 5 experimental iterations, we calculate E(t). At each time t we examine the outcomes of measurement M that corresponded to values of E(t) within ±0.02 of E target (t) to determine the experimental probabilityP (+z) conditioned on E(t).
In figure 3 , each experimental iteration results in a measurement value V and a predicted average values V , which is based solely on ρ and V p , which is based on ρ and E. The values V are dominated by noise but we confirm that their average value agrees with the predictions V and V p . We sort the predictions into bins of width 0.2 and average all the measurement values V that have V or V p within each bin. For predictions V near −1 and V p near −1.5 we note slight deviation from the expected dependence. Relatively few points contribute to these averages and the deviation may be due to non-Gaussian tails of the distribution.
V. RETRODICTION FOR DIFFERENT VALUES OF ρ
In the main text, figure 2 presents the retrodictions for different initial states ρ i . The initial states +x and +y are prepared by heralding the ground state and applying a resonant rotation to the qubit. Here we consider two more initial states which are near the eigenstates of σ z . In figure 7 we examine the retrodictions that are made for initial states that are prepared in +z and −z which is accomplished by heralding the +z or −z states and applying no rotations. Using the independently measured projective measurement fidelity, we use ρ i =Î/2 + 0.47σ z for the +z preparation and ρ i =Î/2 − 0.46σ z for the −z preparation.
We note that figure 2 in the main text focuses on the deliberate preparation of the initial state ρ i . We could have equivalently used conditional dynamics such as the trajectory displayed in figure 1 to prepare different initial states ρ i . Since previous work has already established conditional preparation of different states ρ i , we chose to focus our attention on the propagation of E.
VI. SMOOTHED PREDICTIONS OF PROJECTIVE MEASUREMENTS
By increasing the strength of the measurement Ω V , we may ultimately perform a projective measurement of the qubit state in the σ z basis. In figure 8 , we display histograms of P (+z) and P p (+z), indicating the predicted and Ω R /2π = 0.7 MHz Ω R = 0 P p (+z), P(+z) P p (+z), P(+z) smoothed probability for finding the qubit in its ground state. We observe more occurrences of values of P p (+z) than of P (+z) near 0 and 1 indicating that the past quantum state more often makes confident predictions about the outcome of a projective measurement.
When Ω R = 0 the stronger predictions given by the past quantum state are a consequence of the quantum nondemolition (QND) character of the measurement. The effects of the measurements commute and the past quantum state analysis merely accumulates measurements in the intervals (0, t) and (t + ∆t, T ). However, by setting Ω R = 0, we break the QND character of the measurement, and it is necessary to propagate ρ and E using their associated stochastic master equations.
